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Abstract 

We study the interplay between wall-crossing in four-dimensional gauge theory and instanton con- 
tributions to the moduli space metric of the same theory on x S^. We consider J\f = 2 SUSY 
Yang-Mills with gauge group SU{n) and focus on walls of marginal stability which extend to weak 
coupling. By comparison with explicit field theory results we verify the Kontsevich-Soibelman for- 
mula for the change in the BPS spectrum at these walls and check the smoothness of the metric in 
the corresponding compactified theory. We also verify in detail the predictions for the one instanton 
contribution to the metric coming from the non-linear integral equations of Gaiotto, Moore and 
Nietzke. 



1 Introduction 



Gauge theories with J\f = 2 supersymmetry in four dimensions exhibit a rich variety of field- 
theoretic phenomena which can nevertheless be analysed precisely. One area of recent progress 
is the spectrum of BPS states. The index which counts these states is piecewise constant on the 
moduli space of vacua with discontinuities only at special submanifolds of codimension one known 
as walls of marginal stability. Kontsevich and Soibelman [1] (KS) have conjectured an exact formula 
for the change in the spectrum as one of these walls is crossed. Another related area of progress is 
in describing the Coulomb branch metric arising when the four-dimensional theory is compactified 
down to three dimensions on a circle. In this context, the BPS states of the four-dimensional theory 
contribute as instantons after compactification. A remarkable consequence of the KS wall-crossing 
formula, demonstrated in [3], is that it ensures the continuity of the Coulomb branch metric in 
the compactified theory and even determines the metric exactly via a set of non-linear integral 
equations. 

As usual, it is instructive to compare proposed exact results in supersymmetric gauge theory 
with explicit semiclassical computations. In a recent paper [10] (see also [11]) we investigated the 
detailed structure of weak-coupling instanton corrections in SU{2) gauge theory dictated by the 
integral equations of [3]. This resulted in a series of non-trivial predictions, which were then verified 
by comparison with systematic weak-coupling calculation. The present paper is an extension of 
this investigation to the case of gauge group SU{n). For n > 2 an important new phenomena 
arises: there are walls of marginal stability which extend to weak coupling. This means that 
we can study the smoothness of the metric in the compactified theory, as predicted in [3], very 
explicitly. We begin in section 2 by reviewing the weak-coupling spectrum of = 2 SUSY Yang- 
Mills in four dimensions with gauge group SU (n) and the corresponding walls of marginal stability. 
We show that the Kontsevich-Soibelman wall-crossing formula agrees precisely with the jumps 
of the known semiclassical spectrum at these walls. In section 3 we formulate the non-linear 
integral equations which are conjectured to determine the exact vacuum moduli space metric of 
the compactified theory. We extract the leading weak-coupling corrections to the metric and verify 
the cancellation between single- and two-instanton contributions proposed in [3] which renders 
the metric smooth. In section 4 we compare the one-instanton contribution with the result of an 
explicit field theory calculation. The main challenge here is to evaluate the non-cancelling ratio 
of functional determinants [12] arising from fluctuations around the instanton background, which 
is a complicated function of the compactification radius. Building on our earlier work [10], we 
express the resulting contribution in closed form and find a precise match with the prediction from 
the expansion of the integral equations described above. Finally, after performing an appropriate 
Poisson resummation, we continue our results to zero radius and make contact with an earlier 
computation of Fraser and Tong [5] in the three-dimensional theory. The latter results also provide 
a direct check on the smoothness of the metric in the zero radius limit. 

2 Spectrum and wall-crossing in N=2 SU(n) gauge theories 

In this section, we shall first state the weak-coupling spectrum of the J\f = 2 SU (n) theory, 
as derived in [4] from the semiclassical monodromy of the associated Seiberg-Witten curve [6, 7]. 



1 



We then consider decay processes at the walls of marginal stability which extend into the weak- 
coupling region for n > 2 and verify that Kontsevich-Soibelman wall-crossing formulae [1] precisely 
relate the spectra on both sides of each wall. Combining these individual formulae, we find general 
equalities relating spectra in different weakly coupled regions of the moduli space. 

2.1 Semiclassical spectrum 

We consider the J\f = 2 super symmetric Yang-Mills theory [2] with gauge group SU{n). Let r be 
the dimension of the Cartan subalgebra of the gauge group: for the SU{n) group, r = n — 1. The 
gauge symmetry is maximally broken as SU{n) — )• ?7(1)"~^ by a vacuum expectation value (VEV) 
of the adjoint scalar field (p. (0) = aH^ where a is referred to as the "electric coordinate", H is 
the vector of matrices generating the Cartan subalgebra (all vectors are r-dimensional) . On the 
Coulomb branch of theory, the BPS spectrum consists of n(n — l)/2 massive pairs of bosons 
and tower of monopoles and dyons. Each BPS particle is labelled by its electric and magnetic 
charges under the residual U{lY~^ gauge groups: 

7= (7e,7m) = ((7el,...,7er),(7m>--->7m)) • (1) 

Its central charge is given as 

r 

= a7e + aD7m = ^ (a^7e/ + aoilL) (2) 

7=1 

where is the magnetic dual of a, whose explicit form can be obtained from the holomorphic 
prepotential J- {a) [6, 7], and the particle's mass is the modulus \Z^\. 

Here we would like to discuss the semiclassical spectrum of the theory, following [4]. Denote the 
set of all roots of the gauge group SU{n) as the set of the r = n — 1 simple roots as ^>o, and the 
set of the n[n— l)/2 positive roots as Each boson corresponds to a positive root ua G ^+ 
(and vice versa), so that it has charge Wa = (5^1,0) and mass Mpi/^ = laA^I- In the SU{n) case, 
we will normalise every root a as ||a|| = 1. By default, all roots will be denoted by Greek letters 
(a, . . . ), positive roots will have capital Latin indices {A, • ■ ■ )> simple roots will have small 
Latin indices (z, . . . ). In terms of an orthonormal basis Cj ^, simple roots for the SU{n) group can 
be set as ^ 

di = {ei - Ci+i) , i = 1; n . (3) 

For the SU{3) gauge group, there exists a set of 3 positive roots, which may be chosen as 
$+ = {ai = (1,0), as = (-1/2, V3/2), 03 = (1/2,^3/2)}, where <l>o = {(1, 0), (-1/2, ^/3/2)} is a 
set of simple roots for the two-dimensional Cartan subalgebra. For the SU{2) gauge group, there 
is only one positive root, 1, which is also simple. 

^ This basis has n — r + I dimensions, whereas all other vectors being considered are restricted to lie in n — 1 = r 
dimensions. 
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We will be dealing with the weak-coupling region: 



aACi 



A 



> 1 , V e (4) 



where A is the dynamical scale. The global gauge transformations are not completely fixed: one 
can still perform discrete transformations in the Weyl group. This discrete degree of freedom can 
be eliminated by requiring that Re a lies in the fundamental Weyl chamber corresponding to some 
choice of positive roots: 

Re (ajo) > , V Qj G $0 ■ (5) 

The spectrum of dyons whose magnetic charge- vectors are given by simple roots ("simple dyons") 
is analogous to the SU (2) case: 

{pdi,di) , OiG^o, p£Z. (6) 
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At weak coupling, to the leading order, the magnetic coordinate is given as 

an = - ^ dA{aAa) log ( j = fcsa (7) 

where t^s is the effective complex coupling. The important feature of this expression is that it has 
singularities when one of the bosons becomes massless. Following [4], for each singularity diS = 0, 
there should be a Weyl reflection [4] acting on the VEV when Re 5,0 = to ensure that it stays 
within the fundamental Weyl chamber (5). This transformation reflects the projection of a onto 
df. 

a{t) = a-di {dio) (l - e**) , < t < vr , (8) 

where t = and t = ir correspond to the initial and the final position (as t increases, a{t) moves 
counterclockwise). The associated monodromy matrix Mj acting on the vector {a, So) from the 
left, and its inverse are given as 

\ -2ai (g)ai l-2ai®ai j \ 2ai®ai 1 - 2aj ® ai j 

We shall follow the approach in [4] to obtain the full spectrum of dyons. The dyons whose 
magnetic charges are not simple roots ("composite dyons") are generated by acting on simple 
dyons with these monodromies (from the right) up to their overall sign. The resulting spectrum of 
composite dyons is 

/ i-i i-i i-i i-i \ 

(pa„ a,) M^Y^^? • • • ^"j-i = P X] am + e; X] «™ ' 2^ «™ 

\ m=i l=i+l m=l m=i / /in\ 



^{p{ei-ej)+ ^ ti (e/ - e^) , - Cj 



V2 



l=i+l 



In [5], the convention is ||aA|| = 2, and therefore, the resulting coefficient is divided by 2. 
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where e; = ±1 (as for je^l > 1, the VEV would cross a wall of marginal stability), 1 < j < n. In 
the theory with gauge group SU{3), (10) has only one monodromy matrix, M2, and the composite 
dyons are {pas ±02,(^3), where = ai + a2, depending on whether one acts with M2 or on 
{pdi, ai). This demonstrates that the moduli space of the SU{3) theory at weak coupling consists 
of two separate regions. 

Summing up, the spectrum is given by the sets of simple dyons (6), composite dyons (10), W 
bosons with charge (cJajO), and their antiparticles. 

2.2 Wall-crossing formulae 

As we have already mentioned, in = 2 theories with gauge group SU{n), n > 3, the weak- 
coupling spectrum is different in different regions of the moduli space. These regions are separated 
by the so-called walls of marginal stability: on each wall, one composite dyon becomes unstable and 
decays (or, conversely, a bound state gets created). Such decays are possible when the total central 
charge (2) and the total mass are preserved. For the decay process 7 — )■ 71 + 72, the conditions 
are = Z^^ + Z^^ , \Z^\ = \ Z^^ \ + | Zy^ \ ; this means that arg Z^^ = arg . To the leading order 
at weak coupling, the values of central charges for dyons depend only on their magnetic charges. 
Hence, in this limit, the walls of marginal stability are given by 

^ G (11) 

aBO- 

for some pair of positive roots, ola and as- The composite dyon given by (10) decays near the wall 
of marginal stability which can be reparametrised as 



Z^m=fc+1 



GM+. (12) 



When we take into account the electric charges of dyons corresponding to a given positive root, 
there is, in fact, no single wall of marginal stability, but rather, a collection of walls. For every 
composite dyon, there is an individual wall where it can decay. On the other hand, taking the 
effective coupling constant g^^i sufficiently small, all these individual walls can be approximated by 
(11); this is the reason why for the VEV far from (11), all such walls can be treated as a single wall 
given by (11). 

Using the fact that each composite dyon can be parametrised as (10), we can write down the 
decay processes: 

/ j-i i-i i-i •'"-^ \ / k k 



l=i+l m=l m=i / \ m=i l=i+l m=l m=i 

\ \ l=i+l / m=fc+l l=k+l m=l m=k+l 




(13) 
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or, rewriting it in terms of the orthonormal basis introduced above, 



l=i+l 



1 / 

-j=[p{ei- 4+i) + X] 
\ l=i+i 



I P (ei - 4+i) + e« (e; - 4+i) , - 4+i ) (14) 



In particular, for gauge group SU{3), with one possible weak-coupUng wall (11), dia/a2a G M+, 
there are two types of decays corresponding to the VEV approaching the wall from different sides: 

±{p{ai + a2) + di,di + 02) ±{{p + l)ai,di) ± {pa2,a2) , 

(15) 

±{p{di + 52) + d2, di + 02) -5" ±((15 + 1)«2, a2) ± (p«i, ai) • 

Our goal is to express the spectra and decays discussed above in terms of Kontsevich-Soibelman 
operators [1] and show that the wall-crossing formulae are satisfied. First, we need to introduce 
several definitions, following [3]. The symplectic product of two charges, 

7= ((7el,---,7er),(7m>--->7m)) > C= ((^e 1 , • • • , r ) , (Cm> • • • > O) > (16) 

is defined as 

r 

{1,0 = -le^m + Imie = ^{-lel^L + iLCel) ■ (17) 

1=1 

For each BPS particle with charge 7, associate the BPS ray determined by the central charge 
Z^{a) (2) in the complex plane (parametrised by an auxiliary variable £ C): 

Z. = {C:^€M_}. (18) 

We also define a basis of Darboux coordinates (they will be used to find the moduli space metric): 
Af/ and Xrai are called "electric" and "magnetic" components, and the index I = 1, . . . ,r. More 
generally, Darboux coordinates for arbitrary electromagnetic charges are defined as 

r 

= n {^iiOV^' i^mliCW- , (19) 

1=1 

so that Xl and Xmj are the coordinates for charges with only one non-zero component, 7e/ = 1 
and 7^ = 1, respectively. Kontsevich-Soibelman operators are symplectomorphisms acting on 
Darboux coordinates as ^ 

: Xp^ Xp (1 - a{-t)X^f^^'^^ (20) 



Note that our conventions for the operators differ from [1, 3] as we divided electric charge by two, so that electric 
charges of the pure theory are any integers (allowing half- integers in theories with flavours). In [1, 3], /C^ acts as 
^ Xp{l- cr(7)A'^)<'''^> where cj{'y) = (-l)^-^^-. 
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where (7(7) is the so-called quadratic refinement given by 

f7(7) = (-1)27'= 7m = (_l)2E/=i7el74 



(21) 



We associate the following operator to each point a in the moduli space: 

S= Yl /C^(T''^) (22) 
7er{a) 

where 0(7,0) is the degeneracy of the BPS state with charge 7 (giving +1 for dyons and —2 for 
W bosons); all operators (i.e., their BPS rays) are ordered clockwise (equivalently, their central 
charges as complex vectors are ordered counterclockwise). It was suggested in [1, 3] that, although 
the spectrum changes across the moduli space, the resulting product S is constant, and all such 
products are related by wall-crossing formulae. 



We will verify this statement in the case of SU{n) theories by constructing the formulae explicitly. 
We will be using the following form of the pentagon wall-crossing formula for the decay processes 
under consideration: ^ 

^71^72 = •'C72''^7i+72''C7i ' ^ (7l>72) = ±2 • '^^^^ 

This is an extension of the rank 1 formula to higher rank gauge groups. See appendix A for the 
derivation of the formula and its applications to the SU (n) case. 

Let us start by considering the theory with gauge group SU{'i). We notice that the pentagon 
formula describes decays of composite dyons (15): 

^±(pai,<3i)^±((p+l)(32,a2) ~ ^±((p+l)a2,a2)^±(p(a2+ai)+(32,'3i+a2)^±(pai,ai) ' (^^) 

Starting with these formulae, we will construct the wall-crossing formula for the pure SU (3) theory 
at weak coupling. It is related to the wall-crossing formula [1] for the pure SU{2) theory, which is 
given by 

^(1,-1)^(0,1) = ^(0,1)^(1,1)^(2,1)^(3,1) • • • ^(1^0) • • • ^(4,-1)^(3,-1)^(2,-1)^(1,-1) • (25) 

For any pair 7 and —7 of particles from the spectrum, it contains only one operator, /C^ or /C_^. 
To consider all particles preserving the order of operators, both sides of the formula should be 
multiplied (from the left or from the right) by the same expression, but with opposite charges. 

In the SU{n) case, we will require electric charge- vectors of W bosons and magnetic charge- 
vectors of dyons to be positive roots, ignoring their antiparticles as they can be treated analogously. 
Let us begin by writing out the wall-crossing formula implied by the known spectra of the SU{2>) 
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theory on either side of the walls of marginal stability. 

• • • 2Qi,ai)^(— 3(ai+a2)+(5i,ai+a2)^(-3a2,a2) ^ ^(—ai,ai)^(—2(ai+a2)+ai,(3i+a2)^(— 202,02) ^ 

^(0,ai)^{-{"i+"2)+ai,ai+O2)^(-a2,O2) ^ ^(ai,<3i)^(ai, 01+02)^(0,02) ^ 

^(2oi,ai)^{(ai+<32)+ai, 01+02)^(02, 02) ^ ^(Soi ,Qi )^(2(ai +02)+oi ,01+02)^(202,02) ■ ■ ■ 
— 2 — 2 — 2 

(01,0) (01+02,0) (02,0) ~ ^2g^ 

• • • ^(— 2Q2,02)^("3(oi+a2)+02,oi+a2)^(-3oi,Qi) ^ ^(— 02,02)^(— 2(oi+Q2)+a2,Ql+Q2)^(— 2oi,Qi) ^ 
^(0,O2)^(-('5i+O2)+a2,ai+O2)^(-ai,ai) ^ ^(a2,a2)^(a2,ai+O2)^(0,oi) ^ 
^(2Q2,02)^((ai+a2)+02, 01+02)^(01,01) ^ ^(302, 02)^(2(01 +02)+02, 01+02)^(201, 01) ■ ■ ■ 

r- 2 V 2 Jk 2 

(02,0) (01+02,0) (01,0) ' 

where all terms are multiplied in the group and the explicit notation "x" is used only to group the 
terms in a convenient way. The BPS ray at which the ordering starts is chosen differently from the 
SU{2) case for further convenience. 

We will now verify (26) by evaluating both sides. We can see how both sides of (26) change when 
the VEV passes thorough the walls. For each decaying composite dyon, there is a corresponding 
pentagon identity (24) modifying a fragment (separated by "x") in (26). Close to the wall (11), 
when all composite dyons decay, the wall-crossing formula (26) reduces to 

• • • ^(-3o2,Q2)^(-2ai,Qi) ^ ^(-2Q2,02)^(-ai,Qi) ^^(-02,02)^(0.01)^ 
^(0,a2)^("i,ai) ^ ^(o2,<32)^(2ai,oi) ^ ^(202,02)^(301,01) • • • 



2 — 2 — 2 

(01 ,0) (qi+Q2,0) (02,0) 



(27) 



• • • ^(-3oi,oi)^(-2a2,Q2) ^ ^(-2Qi,oi)^(-a2,02) ^ ^(-ai,ai)^(0,O2) ^ 
^(0,ai)^("2,<32) ^ ^(01,01)^(202,02) ^ ^(201,01)^(302,02) • • • 

(02,0) (qi+Q2,0) (01,0) ■ 

However, this equation is an identity: /C(p5i,5i) commutes with IC(pS2,a2)j the three purely electric 
operators commute with each other (two operators commute when symplectic product of their 
charges is zero); these commuting operators reverse their order precisely at the wall of marginal 
stability (11). By proving (27), we have also shown that (26) is correct via the substitution of 
pentagon identity (23). 

Let us now generalise these results to the SU{n) theory. The approach is very similar. We can 
again apply the pentagon identity to the decays of composite dyons (13): 



^m = fc+l ""i) 

-^-^ o ) (28) 

-m=fc+l"'"J ^ ' 



^±(fEf_ 




-1 n Ylti^l a™ 


> Em=i "m) 


^±((p+Et 


+ 1 '^l) Em 


=fc+i °-+E,: 


-1 , 

:fc + l ' ^m = i 


^±((p+Et 


= i + l <=i) Em 


=fc+i ""i+E,: 


-1 v^^-'- 

:fc + l ^m = l 


^±(fEL-i, 


o,„+E?r/_t 


-1 l^ra = l 


. EmiiOm) 


^±(fE,^„.. 


"m+ELi4 


-1 n J2m = l 


> Em = i ""i) 
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Suppose that we have a product S of Kontsevich-Soibelman operators for a given vacuum ex- 
pectation value. We want to show that all such products are equal. In order to do this, let us move 
the VEV continuously into the region where all composite dyons decay. For each decay process, 
the product loses one operator according to (28), but S remains constant. When VEV is in the 
region with no composite dyons, this product simplifies to 

+00 r r 
p=—ooi=l i=l 

We have used that for a given p and any i, IC(j,^.^^.'^ commute with each other; purely electric op- 
erators commute. Therefore, every initial product of operators is equal to this expression. Putting 
all pieces together, we recover the wall-crossing formula for any weak-coupling region of the moduli 
space: 



^1 n n^(p"-"«)xn n ^(PEi..."™+EL.+i^<EL=i"-.EL.."™)''n^(aid) 

p=— ooi=l i=ljr=i+l i=l 



(30) 



p=-ooi=i 1=1 \-fer{a) 



where O is the clockwise-ordering operator. This equation relates the spectra far from every wall 
of marginal stability, in the region with no composite dyons, and located at arbitrary point in the 
weak-coupling region (where T{a) is the set of all particles), respectively. 

The structure of the walls of marginal stability at strong coupling was discussed in [15, 16]. The 
walls existing at weak coupling extend into the strong-coupling region; these walls have already 
been described above. As we move the VEV into the strong-coupling region through these walls, all 
composite dyons disappear from the spectrum. Further inside this region, there is a group of walls 
inside which most BPS particles no longer exist, leaving only a finite spectrum. It is straightforward 
to generalise the SU{2) formula (25) to this case: 

^(a; -QO^(o,Qi) = )^{o,d,)^ia^,di)K^i2d,,ai) ■ --^(^^^^q-^ ■ ■ ■ ^(:id,-d,)^(2d,-d,)^(d,-di) ■ (31) 
On the left-hand side, we have obtained the finite spectrum inside these strong-coupling walls. 



3 Semiclassical instanton expansion of the compactified theory 

Let us consider the M = 2 supersymmetric theory compactified on M'^ x S"^, with radius of 
being R. Employing the Kontsevich-Soibelman wall-crossing formula, it was suggested in [3] that 
the hyper-Kahler metric of the moduli space in these compactified theories is determined by a set 
of integral equations. Using these equations, we shall perform semiclassical expansion of the metric 
in the SU (n) theory at weak coupling. In addition to the single instanton correction to the moduli 
space metric, we shall also extract the two-instanton mixing terms and demonstrate smoothness of 
the moduli space metric at the walls of marginal stability. In the next section these results will be 
compared with first principles calculations. 
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We start by recalling some facts about the moduli space metric and introducing our conventions 
(see [8] for more details). The three Kahler forms uji^ UJ2, W3 corresponding to the hyper-Kahler 
metric can be rewritten as a single form depending on the complex parameter introduced above: 

^iO = - +UJ3- —u- (32) 

where we have introduced a;± = wi ± ii02 ■ ^3 is related to the metric of the moduli space via 

u:3 = i-^-^^dz'^Adz\ g = 2^-^Jz'^dz'' = 2g^^dz'^dz\ (33) 

where K is the corresponding Kahler potential. For a gauge theory of rank r (in our case, r = n — 1), 
the symplectic form can be expressed in terms of Darboux coordinates [3]: 

The semiflat metric (i.e., the metric before including corrections coming from the BPS particles 
wrapping around the compactified dimension) can be obtained by defining Darboux coordinates as 

Af^^(C) = exp {ttRC^Z^ + + vriJC^^) (35) 

where 6^ = ^e7e + &mlmi and 6e and 6m are the Wilson loops and dual photons appearing after 
compactifying the theory along S"^. The semiflat metric is the approximate form of the metric at 
very large R where instanton contributions from BPS states of the four-dimensional theory can be 
neglected. In the following, we will need the general formula for the Darboux coordinates which 
holds for all values of R. 

Let us briefly review the method of finding Af^(C) [3] by using Kontsevich-Soibelman operators 
defined in the previous section. The method states that X^{0 (for any 7) are discontinuous along 
every ray / which is aligned with one or more BPS rays l^i (18). Explicitly, the jump is given as 

Af7«(c) = 5iA'^=^"(')(C), Si= n ^y^''"^ (36) 

7'Gr(a):«y=« 

where Af™^'^(^) and X^'^^'^^\c,) denote A'^(C) as it approaches I clockwise and counterclockwise, 
respectively. When a does not belong to a wall of marginal stability, the discontinuities above 
simplify to 

{Q=ICy" ' ^ (C), 7 Gr(a). (37) 

Defining the jumps and knowing the semiflat behaviour of the Darboux coordinates turns out to 
be enough to recover their values for any C,. In general, the set of integral equations for Xy(C) has 
the form [3] 



^.(C)^<(C)exp(^E/f^log 



(38) 



The wall-crossing formulae constructed in the previous section show that all Si in this expression 
are invariant when a crosses walls of marginal stability. This ensures smoothness of the metric. 
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The solution of the problem can be re-expressed as a set of 2(n — 1) integral equations using our 
conventions for Kontsevich-Soibelman operators: 



'Y7(C) = <(C)exp(--i. Yl f^(7',a)(7,7'> / 

\ 7'er(a) -^V ^ ^ ^ 



log(l-a(7')'^v(0) (39) 



where symplectic product and quadratic refinement are defined in (17) and (21). Equation (39), in 
principle, allows one to construct the metric of the moduli space if the spectrum is known. 

At this point, we take the weak-coupling limit and approximate the solution of (39) by performing 
iterations using Afy (^') as the initial approximation for X^' {(,'). The corrected symplectic form will 
be approximated as 

^(C)«a;^^(C)+^^(C)+a;^^(C) (40) 

where uj^{C) denotes perturbative corrections from W bosons, a;'^^(C) denotes non-perturbative 
corrections from monopoles and dyons. Analogously to the approximation used in [10], our first 
step is to find the perturbative contributions to the Darboux coordinates: we decompose the 
perturbatively corrected coordinates as x!f\Q = {()Vry{() where 'D~f{(^) will be related to the 
one-loop determinants in the semicalssical calculation. At leading order, the electric components 
remain unchanged: 

"^^^',0) = -^S.o) m%ro) (C) = -^^.,0) (C) > V 7. , (41) 
whereas the magnetic components receive corrections: 

^!^U^^ = ^$,a^^''mJO, yjm, (42) 



dC'C + C 



log l-'^rln.(C' 



dA(^'S>+ \-"(a_4,o) 



(43) 



(-3,4,0) 

where ^^^^^ q) means integrating from zero to infinity along the BPS ray oaS/ C G in tbe C' 
plane. for electric charges is given by 



X^^^^ (C) = exp iy^R— + iaOe + irRaaCj . (44) 

Rotating the contours of integration via introducing y = — CV exp(ii;^t^^) where cpwA = arg(<3A«) 
in the first term and 1/y = — CV exp(— ii;^vi/^) in the second term, we rewrite (43) as 



y U + Ce-^'^>^A 



-7r_R|aAa|(y+l/s/)+«<3yi6 



-1 ^<i>^ ^^^^ 
y + (^-l^i^WA ^ V ) ■ 
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Note that this expression is real if and only if \(\ = 1. The perturbative corrections are given as 

^''(C) = -^EdlogAf/^f(C)AdlogP^^(C) (46) 

7=1 

where /-th component of Ej is 1, and all other components are 0. 

3.1 Non-perturbative corrections and smoothness of the metric 

The non-perturbative corrections to the metric are given by the following iterative expansion of 
the integral equation: 

51ogA'W(C) = -^ Y: J^(7',a)(7,7') / ^^log(l-^(7)Af{r^^(C')) , 

7'ef{a) •^'V ^ (47) 

A-^") (C) = A-^?) exp (5 log (O) , n e N , 

where T{a) includes only the non-perturbative BPS spectrum, i.e., monopoles, dyons, and their 
anti-particles. The superscript n in A'^"^(C) should be understood as keeping up to n-instanton 
terms in the series expansion. This process is iterative and will be illustrated for n = 2: we will 
find the contributions for one and two dyons. Of course, the smoothness property of Af^(C) is built 
in by construction [3] , here our manipulation in instanton expansion merely makes this explicit and 
suitable for the semiclassical instanton checks. 

Using (47), we can write out the explicit expression for Xy\C)- 



\Ui")x!';}((") 



V 7"6f(a) -^V' ^ ^ ^1=1 

(48) 

in our two- instanton calculation, it is sufficient to set 1 = 1. Furthermore, since |(51og^%'y"^^(C')| is 
small, we make the following approximation: 



4'^ (C) « '^^'^ (0 f 1 + <5 log {(') ) , (49) 



where we are only keeping up to two instanton terms in the expansion. Higher order terms 
in exp(51ogAf(i)(C')) 

expansion will contribute to n > 2 instanton terms. The explicit non- 
perturbative corrections to the symplectic form up to this order are 

u;NP (C) « a;NP(i) (C) + w^^^'^ (C) + ^''^^'^ (C) (50) 

where 

C.NP(1)(C) + .NP(2)(^) = (^l°g'^/^°^(0 Ad5l0g4}(C) 

+d5 log X^^^\C)^dlogX;^\{0) , 



7=1 (51) 



co^'^'^'HC) = E^^log-^/^'^lC) A log 41(0 . (52) 

7=1 
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We shall define the explicit expressions for tj^^^"'^) ((^) and a;'^^'-^^(C) momentarily. We should note 
here that all terms in are continuous as they consist of mixing terms between simple 

dyons which exist everywhere in the weakly coupled region of moduli space. They do not affect 
the smoothness property of the metric, and we shall ignore them in this section. 

In (51), a;^^^^^(C) is a series of instanton terms proportional to exp 



NP(1) 



7'er(a) '^1' -^V ^ ^ 

k=l 



(53) 



Note that T[a) here consists of both simple and composite dyons, and k is the winding number 
of the dyon world line over the compactified . For checking that the smoothness of the moduli 
space metric, it is sufficient to consider only the singly wound dyons k = 1. The two-instanton 
correction ijj^^^'^\C,) in (51) corresponds to setting k = 1 and integrating along two BPS rays: 

{7',7"}cf(a) 



(0), 

T' ' 

{o)^A^ " A . C C'-C I, C" C" -C V'V' ^""V ^ vs y "--y 

(54) 



4^(0 





f dC" 


C" 


+ C'/ 


lu C C'-C 


Jiv C" 


C" 


-C V 



We can decompose (53) and (54) as 

'"'"^'^(0= E <'^'^(o> -N"(^)(c)= E -7^(0- (55) 



7'6r(a) Wr/"}cr{a) 



Suppose that the VEV crosses the wall where a dyon with charge 71 + 72 changes its multiplicity 
by AO (71 + 72, a). To ensure smoothness of the metric, one needs to make sure that 

hm - Jim )(C^(;)(C)+<^?(C)+-S,^)(C))=0. (56) 



This condition imposes a constraint on multiplicities on both sides of the wall. After finding this 
constraint, we will see that it is indeed satisfied by our pentagon identities. 

Let us see how w^^^^j "* (C) '^72^7?'* (C) change when we cross the wall of marginal stability. We 
need to identify 7' = 71, 7" = 72 or 7' = 72, 7" = 71 in (54). Using the fact that at the wall, l-y^, 
/-y2, and /71+72 coincide, we see that the jump of a;'~^^''^)(C) corresponds to the residue of the second 
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(internal) integral at C," = Q' in (54): 

^ (O) = - J^(7i, a) J7(72, a) ^(71) ^(72) 2 (71,72) 



lim 



arg^i^— i-0— are 




^.m2.^ ^(o)_^^(^) ^/^^^^^ c'C'-c' 



(57) 

where the jumps of oj^x,'n ^'^'^ '^72^7? ^^e equal. The increment of a;'^^^^^(C) across the wall can 
be easily seen from (53) setting 7' = 71 + 72: 

hm - hm j uj^f^^l (C) = - ^^{li + 72, a) cr(7i + 72) 

arg arg ^^0+ / 

' (58) 

Using the relation between two quadratic refinements, o"(7i)(t(72) = (— 1)^^'^^''''^'*(t(7i + 72), we can 
see that the continuity condition (56) is equivalent to 

A0(7i + 72,a) = 2(7i,72)(-l)2<^i'T2)-iO(7i,a)0(72,a). (59) 

It is indeed ensured by (24) and (28): Ail(7i + 72,0) = r2(7i,a) = 17(72,3) = 1, (71,72) = 1/2. 
This allows us to conclude that the moduli space metric remains continuous to the two-instanton 
order across the WMS where composite dyons decay. This analysis can be repeated to ensure the 
smoothness of higher-instanton mixing terms across WMS by expanding systematically the higher 
^-^"^(0 terms. 

3.2 Saddle-point approximation of the metric 

Knowing the general expressions for one and two-instanton corrections (53, 54), we can now 
extract the moduli space metric using the saddle-point approximation ^. To approximate (54), 
this method can only be used far from the walls, where the integrands do not have poles near the 
contour of integration. For the terms in (53), the peak is at Q' = —Z-^i /\Z^i\ = — e*'^T' (where 4>ryi is 
the complex argument of Z-yi). Proceding as in [10], we obtain 



^NP(i)(^)^_l_ ^ 5^(Py(-e'^')) e^p{-27rkR\Zy\+^key) 
7'ef(a)fc=i V I 7' I 

'^^'^^K(\Z,\('-^-SL]fd_^.CdZ^ 



(61) 



A'^f(C) V ^ Zy J V c 



"* Explicitly, the approximation wc arc using is 
for f{x) having sharp peak at x = xo, a < xo < b. 
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where the global definition of 9m leads to the shift 9m ^ dm + Re fcfj 9e in 9^ in order to define 
it consistently at infinity. Now, let us approximate the two-instanton terms, (54). Using the 
same saddle-point approximation (60) in both integrals here (the maxima of the integrands are at 
^' = —Zy/lZ^l = —e^'^y and = — Zy//|Z^//| = — e*'^T"), we see that the two-instanton terms 
are proportional to exp (— 27ri2(|Zy| + |Z^//|)), correctly reproducing the two-instanton action. At 
weak coupling, when masses of all dyons are large, (54) gives next order corrections with respect to 
(61). Computing the third component of the symplectic form, = ((a;(i) + uj{—i)) /2, we express 
the contribution for two dyons in terms of their central charges: 



^3 



{7',7"}cr(a) V I 7 7 I 



K (^—dZ^i + dZ^i^ + id9^i^ H — r^-^ [ii^R i^dZ-yi — dZy^ + id9y'^ j A 

(62) 



-ttR ( e-'^ydZy + e'^y'dZy ] -7rR{ e'^^^' dZ^,, + e*^"dZv' I + id9^, 



where the factor describing dyon actions and non-zero modes determinants is 

5y,y/ = Py(-e^'^V)py,(-e*V)exp (-27ri?(|Zy| + |Zy/ 1) + i^y+y/) . (63) 

Note that (62) is applicable only far from the walls of marginal stability: it diverges at the wall as 
the contour of integration passes through a pole, where our saddle point approximation cannot be 
used. 

Let us now extract the dominant metric components, ga'a-J^ from these symplectic forms. At 
weak coupling, all central charges can be approximated as 

Z^ = 7ea + imfcsS , (64) 
i ■r-^ ^ ^ ( ajijx \ ^ 

Teff ^ - 2^ OLA® OLA log I I . (65) 

Further, everywhere, except the exponents, we can approximate central charges for dyons as Z^ ~ 
7m(i Inifeff)a, Z^ ~ — 7m(ilmfefr)a. For the symplectic product of central charges, we have 



_ 2 ^ 

dZ^i A dZ^ii ~ (7^ Im fcs)l {im I™ ''off) J da^ A dd'^ , Im fcfj ~ — ^ (Xa ® ola log 

The resulting correction for single dyons is 



uacl 



A 



• (66) 



1 "^"^ k 



R 



yef (a) k=i V I T I (67) 

(7m Im ^eS )l{l'm I™ "^cff ) ,/ ■ 
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After some tedious but straightforward calculations, we obtain the dominant components of the 
moduli space metric coming from pairs of dyons: 



{7',7"}cf(a) VI 7' 7" I 

f^PM^lr^' Tn.^^.r^"Tn.^U^ (68) 



[2 (tL Im f), (7;. Im f)^ + ^^P^ (7:„ Im f ), Im f ) j+ 
\ cos 0' 



exp( ^^/^ jj^^ (.^/^jj^ J ^ 



cos ( 

The reality condition for these expressions can be checked using the fact that these summations 
are symmetric under 7' — t- —7', 7" — t- —7". 

Let us express the perturbative one-loop factor extracted from [3], i.e., ^?7(C) in (45), explicitly; 
then, we will explain how it can be reproduced from semiclassical analysis. First, we notice that in 
the semiclassical limit, the phase is given via 



exp(z,^,) = Iriel^r^^lJlLV ^ Z^irdy (gg) 
I (7e / + Tcff / j7;4 ) a-* I I Tcff / j7m a ' 



This is a non-trivial generalisation of the rank one case where exp(i(/)^) ~ ia/|a|: in the SU{n) case, 
even in the semiclassical limit, the phase 4>^ remains different for monopoles and dyons charged 
under different roots, and so, we need to carefully re-evaluate the one-loop factors. 

For a given monopole = (0,5^^) charged under root a a (simple or composite), we can split 
the summation over different W bosons into the term where the boson is charged under and 
all other terms where the boson is charged under cxb^a roots. We can then rewrite logP(^^^^^)(C) 
(for any charges (7e,7m)) at the saddle point ( = —e^'^^A as 

log^(77,7™)(-e^^^-) = ^ogV^%^^^)^Ai-e"f^-) + E log%.,7™),B(-e^^^-) ■ (70) 

Introducing y = e* in (45), we re-express the first term (coming from the Wa boson and its 
antiparticle, which are also charged under a a)'- 

2Sa~i„, /■+" dt 



log%.,,„.u(-."*-) = ^^/ 



cosht ^jY^ 



log ( 1 — e~^'^^'^^A I cosht+iBw^ \ _|_ ]q„ n _ ^-2ttR\Zwj^ I cosht-iOwj^ 



This term is analogous to the SU{2) one-loop factor evaluated in [10]. For generic gauge group, it 
also has contributions from other roots asjtA- To calculate them, we set in the summation in 
(45) and substitute y = e* as above, then, at the saddle point ( = —e^^^^ , we express these terms 
in terms of complex phases cp^^ and cPwb '■ 

logP(,^^,,^„),s(-e^*-A) = '^^^£^dtp{t,A^) ^^^^ 

log ('l - e~2''■^I^M''Bl™^'^*+*^M's^ _|_ log ('l - g-27ri?|ZH/g|coshi-i6»M.-g\\ 
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where the integration kernel is given by 

cosh t cos A(p cos Acf) /I 1 
' cosh^ t — sin^ A(/) 2 \ cosh t — sin A0 cosh t + sin A0 

with A(/) = (Pwb ~ 'P'YA "I" f ~ 'I^Wb ~ 4'Wa (the case we are deahng with is (7e, 7m) = 7^)- In three 
dimensions, (Re a, Im a, 0e/2'7ri?) form a vector of enhanced SO{'i) triplets, and the one-loop factor 
should be invariant under such rotations. In the next section, we will use this property to match 
this expression with the semiclassical result for non-zero mode fluctuations. 




4 Instanton calculus in compactified gauge theories 

In this section, we shall discuss the semiclassical field theory computation of the moduli space 
metric and four-fermion correlation function in the instanton background, which serve as non-trivial 
checks for the instanton corrections to the moduli space metric obtained in the previous section. 
Some of the details present here were given in [10], to keep the discussion concise, we shall refer 
readers to that reference wherever appropriate. 

4.1 Structure of correlation function in instanton background 

In our compactified M = 2 SU (n) gauge theory on x S*^, the four-fermion correlation function 
in the P-monopole background is given as ^: 

ar(yi, 2/2,2/3,^4) = / Wt^P][d^^P]n''''^ J] (2/2^-1 )pr(y2A) 

A=i ^ (74) 

(p) (P) 

where [d^^ ] and [dfip ] are the bosonic and fermionic integration measures for the zero mode 
flucutations in the P-monopole background, which involves integrating over the P-monopole moduli 
space in SU (n) gauge theory. The additional factor TZ^^^ is the one-loop determinant which sums 
over all other non-zero mode fluctuations in the monopole background, which will be discussed 
extensively in the next section. The moduli space metric for general partition of magnetic charges 
{ms} , P = "^^=1 unknown, however, for a special configuration where uib = 1 , VP, i.e., 

for simple monopoles, the exact moduli space metric was successfully obtained in [17], and allow 
for semiclassical quantizations. We will mainly focus on such configuration. It is important to note 
that the non-trivial interaction terms in the monopole moduli space metric are proportional to the 
Cartan matrix, therefore, in such specific configuration, only pair-wise electromagnetic interactions 
between simple monopoles charged under adjacent simple roots in Dynkin diagram give non-trivial 
contributions. 



At weak coupling, P-monopoles become very massive, their low-energy semiclassical dynamics is 
governed by the super symmetric quantum mechanics over the P-monopole moduli space. We can 

' The topological charge P = X]s=i ^b, where ms is the magnetic charge under a simple root as, so that for a 
monopole charged under composite root ai + a2, we have P — 2 and so on. 
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(p) 

separate the super symmetric lagrangian Lq^ into two parts: one part corresponds to the motion of 
the centre of mass, the other part corresponds to the motion of P-monopoles in the relative moduh 
space where the interactions takes place, that is: 

L(f^ = LcoM + 41- (75) 

We can similarly separate the four-fermion correlation Q^^^ into two parts, Q^^^ = G^Qy^ x 
where 



A=l 
2ttR 

exp ( - / dx^LcoM - / ' 



(76) 







^(^^ = / [d^^-Vr-][^'^-Vr-] exp (- ^ dx^Lifi ) . (77) 

In ^cl3M(yi' ^2, 2/3, 2/4)1 the three bosonic zero modes -^1,2,3 correspond to the centre of mass co- 
ordinates for the P-monopole configuration, and corresponds to the angle of overall global U{1) 
rotation. They are accompanied by four fermionic supersymmetric partners denoted schematically 
as '^^J^^'\ in Z^P^ corresponds to the remaining bosonic zero mode integration measure 

over the (4P — 4)-dimensional relative monopole moduli space, and is their fermionic 

counterparts. 

The evaluation of the centre of mass contribution ^^qm ™ fact, almost identical to the one 
for single monopole correlation function, i.e., P = 1, with the essential modification to the one- loop 
ratio of determinants TZ^P\ which will be discussed below. As far as the zero mode integration 
measure is concerned, we can adapt the results in [10]: 

j [d^X{x^)][d^{x^W^{x^)]e^^ fj"" Lcou 

(78) 



Mp 

where A'^e is the overall global U (1) electric charge, Mp is P-monopole mass, and ap = '^B=ii^^B)- 



The contribution from the relative monopole moduli space Z^^^ is more interesting, as it is this 
part which dictates the change in the BPS index r2(7,a). At this point, we can recall from [14, 13] 
that the four-fermion correlation in the compactified gauge theory on x can, in fact, be 
regarded as a refinement of the Witten index, which traces over the BPS states, that is, 

^4(2/1,2/2,2/3,2/4) = TrBPs ^(-l)'^ JJ pi(2/2A-i)p2(2/2A)exp(-27rPi/QM)j (79) 

where i^QM is the hamiltonian associated with the supersymmetric quantum mechanic lagrangian 
Lqm over the monopole moduli space. This, in particular, allows us to relate Z^^^^ to the index-like 
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computation over the P-monopole relative moduli space: 

^(^) = Tr(p) ((-l)^exp (^-27rRHi[J)) . (80) 

To be more precise, as we are keeping the compactfied radius R fixed and arbitrary for the 
time being, the quantitiy corresponds to the so-called "bulk" contribution to the usual L^- 
normalisable index I]^2 over the monopole moduli space [13]. 

The most interesting case is the one with P = 2, i.e., with two distinct simple monopoles, other 
P > 2 cases can be discussed analogously. The relative moduli space for two distinct monopoles 
with equal masses is known to be Taub-NUT space [17], in the presence of general complex scalar 
VEV, the relative electric charge between them induces additional potential ^, which is proportional 
to the square norm of a tri-holomorphic vector field Gm over the Taub-NUT space. The problem 
of computing the index Z^"^^ (79) or number of bound states/composite monopole can be mapped 
to counting the number of normalisable solutions of the Dirac equation in such background (Taub- 
NUT + potential) [18, 19]: 

- 7"" • (^V^ + G^m)^ = (81) 
where Vm is the covariant derivative over Taub-NUT space, 7"^ is the gamma matirx. This 
counting problem has been solved in [20], and the result is that for two simple dyons of charges 
{nldi,ai) and {n'^d2,a2), there are \nl — n^l = 2|?i~| solutions of (81) existing if the inequality 
~ ^el < 16irg~'^\smA(j)\ where 2A(j) = (j)Wi — 't'Wi is satisfied. We see that at the generic 
point in the weakly coupled region of the moduli space, l/^^fj ^ 1, this inequality can be easily 
satified, however, at the wall of marginal stability, A(p = 0, and the bound states disappear, as 
expected. This precisely matches with the discontinuous change in the BPS index A0(7, a), and 
our remaining task would be to explain how the crucial one-loop factor can arise from semiclassical 
computations. 

4.2 Semiclassical derivation of one-loop determinants 

In [10], it was shown that the one-loop factor from W bosons with electric charges ia^i, i.e., 
^7A,-4(~^*'^^^ ) C^l)' derived directly by considering the non-zero mode fluctuations around 

the associated SU{2) monopole. To see how additional contributions V^^^Bj^Ai—e^'^'''^) in (72, 73) 
can also be obtained from semiclassical analysis, the key is to adapt the difference of the densities 
of states 6pa{x'^) in the pure SU{2) theory to the SU{n) case. We can work this out by considering 
the index function X(/_f^) = X]b2^b(^^) counting the zero modes in the context of three-dimensional 
instanton computation for higher-rank gauge groups [5]. For completeness, we first write down the 
index function for the zero mode fluctuations charged under the same root a a'- 

where M^a = \^Wa\ is the mass of the W boson charged under a a- For the fluctuations charged 
under a^^A) simple manipulation gives the index function (see equation (15) in [5]): 

2-^(^2) ^ 2(aA • aB)MwB (A^A^)^^ ^^^^ 



^ after promoting each one of them into simple dyon through semiclassical quantisation 
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where = \Zwb\ is the mass of the W boson charged under Sb, = *a_B)/||w 'a_B||i 

is the three-dimensional analogue of phase angle where = (Rea, Ima, 0e/2vri?)* is an 5*0(3) 
three-vector (with respect to superscript i) consisting of the three adjoint scalars belonging to the 
three-dimensional vector multiplet. We can now use the identity for the index function used in [9] 
to derive the difference in the density of states in our case: 



Xb(/x2)-Xb(0)= / 
Jo 



oo 2 

dx"^ / ^ SpBix"^). (84) 



Using our earlier results for gauge group SU{2), we can derive the required 6pb{x'^ 

2{aA-aB)Mws e{x^ - M^J ^^(A^A^) 



5pb{x 



x^x-^ - M^^yn x^ - M^^{y^\%Y (85) 
+ 25{x^-Ml,^{l-{\\\%f)) 



where Q{y) is a step function such that Q{y) = 1 if y > and 0(y) = if y < 0. We can now set 
X = Mwg cosht and rearrange dx'^5pB{x'^) into 



oo A ( ^ ^ \ /"OO 







, 2s: r 2\ 4:{aA-aB) f°° cosht {XaXb) 
dx opB[x ) = I at — ^-"2 



TT Jo COshH - {1 - (XaXb)^) 



By using the SO{3) symmetry to rotate into the vacuum Of, = 0, the difference in the densities of 
states 6pb{x'^) obtained here for can be identified with the corresponding quantities for x 5^. 



Prom the definition of A^, it follows that 

A*;^A*B = cos , (87) 

where A(j) was introduced in (73), and we see that dx'^6pB{x'^) can be identified with dtp{t,A(p) 
given in (72, 73) up to an overall numerical factor. At this point, we can repeat the analysis in 
[10], where enumeration of non-zero mode fluctuations in the monopole background in x 
was mapped to the partition function of harmonic oscillators with inverse temperature 2TrR and 
background chemical potential 0e/27ri?. This yields the additional logarithmic integrands appearing 
in (72). The overall factor can be fixed by requiring that for B = A, the formula reproduces the 
SU (2) one-loop factor. This completes our semiclassical derivation of the additional one-loop factor 
^7A,B(-e*'^-^). 

We can also consider the semiclassical one- loop determinant in the strict three-dimensional limit: 



27ri? — 5- , Re a, Im a, - — — | = const 



The semiclassical one-loop factor in this case reduces to [12] 

1/2 



7^(3D) = lim (^^2^xp (^1^ 



(89) 
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If we substitute the index function Xb{i^^) (83) into this expression and exchange the order of 
and V integrations, we obtain: 



log7^(3D) = lim (^ogK + i (^1^^ dxHpBix^) {log{u + x^))^+Ib{0) (logu)^ 
1 

= -- V / dx'^5pB{x'^) log(x^) + (cutoffs) . 



(90) 



The same result can be obtained by considering the one-loop factor V^^^Bi—e^'^"'^) given in (72): 
in the three-dimensional limit (88), the logarithmic integrands in P^^^b(— e^'^^-^ ) become 



log (^1 - e-27r_R|ZiVg|cosht+i6'w'g^ _|_ ^-^ _ ^~2TTR\Zwg\cosht-iewg^ 

log ( \Zwb P cosh^ t + ( ^ ) 1+2 log(27ri?) 



\2ttR J 

then, after substituting x = cosht, rotating into the vacuum where Oe/^irR = 0, and com- 

bining with the earlier identification of the density of states, we can see that in the limit i? — t- 0, 
^7a,-b(~^*'^^^ ) corresponds to the ratio of determinants (90). 

We have calculated the ratio of one-loop determinants in X and matched it with the GMN 
prediction extracted in the previous section (70, 71, 72, 73). Finding the one-instanton action and 
the overall coefficient for the moduli space metric is essentially equivalent to the SU{2) case [10]. 
Summing up, we conclude that the one-instanton metric calculated semiclassically coincides with 
the prediction (67) obtained in the previous section. 

4.3 Interpolating to three dimensions 

In this section, we shall start from the semiclassical expansion of the moduli space metric on M.^ x 
and demonstrate how the smoothness of the moduli space metric persists in three dimensions. 
In [5], it was shown how the corresponding three-dimensional metric remains smooth as the VEV 
crosses the wall of marginal stability; in the following, we shall discuss how our results can be 
related to the ones there and demonstrate that our one-instanton correction in three dimensions 
coincides with the one obtained in [5]. 

We shall focus on the mixing terms between dyons of charges 71 = {nidi, di) and 72 = {n1d2, £12) 
in (54), where 01^2 are the two simple roots, {nl,n1} C Z. After Poisson-resumming over suitable 
combination of their electric charges, we shall demonstrate that these contributions again combine 
to give one-monopole correction of magnetic charge di + 02 near the wall of marginal stability in 
three dimensions. A similar computation for the one-instanton term has been performed in [10], 
however, an important difference here is that we perform the Poisson resummation directly before 
integrating over the spectral parameters: this preserves the integration kernel, which is crucial for 
ensuring the smoothness. 
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At leading order in g^g expansion, the relevant terms from (54) for our analysis can be shown to 



be 



R 



{2mf 



^ 17(71, a)ri(72,a)(T(7i)cj(72)n; 



^ dy' dy" 



y Jo y 



dZ^^ A dZj^ + 



ye'' 
1 

y'ei<l>l 



dZ^^ A dZ^^ + (1 o 2 ; y' o y") 



where we have introduced = ^{nl ± ^^e)• To perform Poisson resummation before the y' and y" 



(92) 



integrations, we first expand the expressions in exponents coming from the Darboux coordinates: 



aail [y + —, ] + l'^"2| [y + — + 



(ai + 0.2) 



ttR 



Miy',y") ra+ + 



miiy' + ^ \ - m2[y" + -jTT 



"miiy' + jj] +m2[y" + 



,//_L 1 



2 (93) 
+ m+^e(ai + a2) 



^m{y', y"){2n^ f + (9e(ai - 02) 

where, without loss of generalities, we have set the four-dimensional topological angle Gcg = and 
defined the following quantities: 



1 



+ 



1 



miiy' + h] 7712 ( y" + — 



mi 9 = aai,2 • 
47r 



, (94) 



(95) 



We shall sum over the overall electric charge , while keeping fixed the relative electric charge 
n~, and at the order of our g^g expansion, we only need to sum over the terms in (93): 

2 \ 



ttR 

.—M{y',y") I n+ + n; 



mi (2/' + 7) -m2 {y" + jr 
mi iy' + + m2 iy" + :^ 
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RM{y',y 



7TRM{y',y") 



mi [y' + ^ ] - m2 (y" + 



.If I 1 



(96) 



mi\y' + h) + m2\y" + 



where = Oe{di +a2)/2 — 2Trk. In the three-dimensional limit, only k = term in the summation 
above survives, all other k ^ terms are suppressed, furthermore, all terms depending on n~ in 
(93) and (96) vanish in such limit. After further rotating into the 9e = vacuum, the integrand in 
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(92) in the three-dimensional hmit becomes 



off 



(27ri)2 VeLy Jo y' io y" Vy'e^"^^ -y"e^'^^ 



71 V » ^ y -^72 , 

1J2 (97) 

(27ri?)2 {\aai\ (y' + j) + laaal (y" + ^)) 

exp ^|aai| + + l^"2| ^y" + + «^m(ai + 02)^ • 

Near the wall of marginal stability, as in the finite radius situation, we can again evaluate the y' 
or y" integration using the Cauchy residue theorem, and after setting y' = y" and (p^-^ = (j)^^^ 
see that (97) indeed goes over to the metric correction corresponding to a monopole charged under 
the composite root ai + 0.2- It was also noted in [5] that there are additional singularities in the 
one-loop factor as we approach the walls of marginal stability; these singularities are cancelled by 
the fact that the associated index r2(7,a) also changes discontinuously to zero there, hence, the 
overall moduli space metric remains smooth. This also echoes the "soft modes" computations done 
in [5], which is nothing but the zero radius limit of the moduli space quantum mechanics described 
in section 4.1 for 0(7,0). We have thus demonstrated that the smoothness property of the moduli 
space metric persists in the appropriate three-dimensional limit, as should be expected. 



The Poisson resummation also allows us to interpolate to the one-instanton correction to the 
moduli space metric (67) in three dimensions [5]. For each positive root a^i, we can Poisson-resum 
all terms corresponding to dyons with magnetic charge (Xa (terms corresponding to —cxa are their 
complex conjugates). Again, we split the relevant one-loop factor, 2?^^ 5^) (~^^*'^^'* )' i^^o the A term 
and B ^ A terms (70). The A term in this limit is known to be ^^(o oa) = {'^t^R^Wa)'^ 

[10], the three-dimensional values oi B ^ A terms were calculated in the previous section. After 
Poisson-resumming and taking the limit i? — )• 0, we find the following result: 

9a'aJ,A = ^Mwa n ^(0 aA) ^(-^e^'^'^^ ) ^xp (-^Mw^ + iaA0m) (98) 

where l/e^fj = 2tt R/g^^ is the effective gauge coupling in three dimensions. Using this metric, we 
can compute the Riemann tensor and then recover the coefficient of the four-fermion correlation 
function (or, more precisely, the bosonic partner) [5]. 
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A Pentagon wall-crossing formulae for composite dyons 

First, let us show how to change the basis of charge- vectors in a wall-crossing formula. Any given 
formula 

K 

JJ/C^, =1, K GNU {+00}, (99) 
k=l 

can be re-expressd in different coordinates (7^ — )■ if the transformation of charge- vectors is 
linear and if their symplectic product remains the same for any pair of charges in the formula, i.e., 
(/3j,/3j) = (7j,7j). The formula in these new coordinates is 

K 



n^&=i- (100) 



fe=i 

Let us prove this statement. Suppose that we change coordinates as 7(j) — ?• for all possible 
charges 7(j). Linearity of the transformation ensures that all symplectic products are also linear, 
i.e., -|- /3(2), /3(3)) = /^(s)) + (/3(2)) /5(3)); and that changing the coordinates does not violate 
the condition that /C/^j^j+^g^^j = ICp^^^^lCp^^^^ . The operators ICp^ act depending only on the symplectic 
products between and /3; where k < I < K , which are conserved. 

We consider the standard pentagon wall-crossing formula [1]: 

^(1,0)^(0,1) = ''C(o,i)/C(i^i)/C(i^o) , /C(o,i)/C(i^o) = /C(i_o)/C(i^;^)/C(o,i) . (101) 

To prove it, one just needs to check the equality on a basis of Darboux coordinates. In the case of 
r electric and r magnetic charges, the equations are 

^{(0,0,...,0),(l,0,...,0))^((i,0,...,0),(0,0,...,0)) = ^({i,0,...,0),(0,0,...,0))^((i,0,...,0),(l,0,...,0))^((0,0,...,0),(l,0,...,0)) > 
^((i,0,...,0),(0,0,-,0))^((0,0,...,0),(l,0,...,0)) = ■'^((0,0,...,0),(l,0,...,0))^((i.O,...,0),(l,0,...,0))^((i.O,...,0),(0,0,-,0)) • 

(102) 

It is easy to see that this is correct: the relation is known to be valid when the left and the right- 
hand sides act on and X^i', both sides give identity when acting on and for / > 1. 
Therefore, more generally, changing the basis, the pentagon equation for any r is (23). 

The formula can be applied to the decay process of the composite dyons. Indeed, in (15), the 
symplectic product of the two simple dyons is 

{±{pai,di) ,±{{p + 1)0.2, d2)) = , (103) 



23 



and we obtain (24). The same applies to the SU{n) composite dyons: after some algebra, we see 
that in (13), 

I f k k k k \ 

\ \ m—i l=i+l m=l m=i / 

V V l=i+l / m=k+l l=k+l m=l m=k+l / I 



(104) 



\ \ \ Z=i+1 / / \ \ «=i+l / / / 

and we obtain the general pentagon formula (28). 
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